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ABSTRACT
We analyze the general solution of the Wess-Zumino consistency condition
in abelian lattice gauge theories, without taking the classical continuum limit.
We nd that, if the anomaly density is a local pseudo-scalar eld on the lattice,
the non-trivial anomaly is always proportional to the anomaly coecient in the
continuum theory. The possible extension of this result to non-abelian theories is
briefly discussed.
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When the anomaly cancellation condition is fullled, a gauge theory containing
Weyl fermions is consistent to all orders of the perturbative theory. Whether this
is true even non-perturbatively has not been fully answered, however. The main
diculty is due to our ignorance about the structure of gauge anomalies dened
in a theory with a finite ultraviolet cuto.
Recently, Lu¨scher gave a remarkable existence proof of a gauge invariant lattice
formulation of anomaly-free abelian chiral gauge theories [1]. Knowledge of the
general structure of axial anomalies in abelian lattice gauge theories with a finite
spacing [2] was crucial for this proof. In ref. [2], gauge invariant topological (pseudo-
scalar) elds on an innite lattice, which depend locally on the abelian gauge eld,
are studied. By working with the Poincare lemma on an innite lattice [2], it
was shown that such a topological eld is in general given by a quadratic (for a
4-dimensional lattice) form of the abelian eld strength, plus a total divergence
term of a gauge invariant local current. This theorem was generalized for arbitrary
dimensions by utilizing the non-commutative dierential calculus [3] and the double
complex [4]. The axial anomaly in lattice gauge theory acquires such a topological
property [5,6] when the Ginsparg-Wilson (GW) Dirac operator [7,8,9] is used. The
locality of the axial anomaly is also satised [10] at least for the Neuberger overlap
Dirac operator [9].
When the chirality of the Weyl fermion is dened with respect to the GW
chiral matrix [11,12,13], the covariant gauge anomaly is given by the topological
eld (i.e., the axial anomaly) multiplied by the gauge representation matrix of
the Weyl fermion. In abelian gauge theories, the consistent gauge anomaly is also
given by a topological eld multiplied by the U(1) charge, and the eect of the total
divergence term in the topological eld can be removed by a local counterterm. (For
explanation on these points, see refs. [1,14].) As consequence, we have the same
anomaly cancellation condition as that of the continuum theory, even for a nite
lattice spacing. This implies that anomaly-free abelian chiral gauge theories can be
formulated on the lattice while keeping the exact gauge symmetry, at least when
lattice volume is innite. The analysis in ref. [1] generalizes these considerations
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to a nite volume lattice.
In this letter, we study this problem of gauge anomalies on the lattice from
a somewhat dierent viewpoint. Namely, we analyze the general ghost number
one solution of the Wess-Zumino (WZ) consistency condition [15] in lattice gauge
theories. The WZ condition is consistency which follows from the very denition of
the gauge anomaly and, even in non-perturbative frameworks, it strongly constrains
the possible structure of the anomaly. In fact, the general solution of the WZ
condition, including the general form of the gauge anomaly, has been known in the
continuum theory [16,17]. We generalize this strategy to lattice gauge theories.
It has been however dicult to nd the general solution of the WZ condition
in lattice gauge theories, because one needs cohomological information in lattice
gauge theories. These information now become available [2,3] at least for abelian
theories on an innite lattice. We can thus utilize them. In this way, details of the
fermion sector become largely irrelevant. For example, we do not assume the GW
relation. Only by assuming that the anomaly density is a local pseudo-scalar eld,
we will nd that the non-trivial anomaly is always proportional to the anomaly
coecient in the continuum theory. Namely, all possible breakings of the gauge
symmetry can be removed by local counterterms on the lattice, if the anomaly
cancellation condition in the continuum theory is fullled.
This approach also sheds some light on the situation in more dicult non-
abelian cases, as we will discuss in the nal part of this letter. For the approach
to non-abelian theories from viewpoint of the topological eld, see ref. [18]. Per-
turbative calculation of gauge anomalies on the lattice, including discussions on
the WZ condition in the classical continuum limit, can be found in refs. [19,20]. In
this letter, we consider only even D = 2n dimensional innite lattice, although a
similar analysis can be performed for an odd-dimensional lattice.
In lattice gauge theories, link variables are transformed under the gauge trans-
formation as (G is the gauge group)
U(s; ) ! g(s)−1U(s; )g(s + ̂); g(s); g(s + ̂) 2 G; (1)
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where U(s; ) 2 G is the link variable on the link that connects lattice sites s
and s + ̂, here ̂ stands for the unit vector in direction . By parameterizing the
gauge transformation as g = exp(c) with the innitesimal Grassmann parameter 
and the Faddeev-Popov ghost c, the BRS transformation is dened by BU(s; ) =
U(s; )c(s + ̂)− c(s)U(s; ) and Bc(s) = −c(s)2.
The gauge anomaly A is dened as the ghost number one non-trivial solution
of the WZ condition [21]
BA = 0: (2)
Because of the nilpotency 2B = 0, any functional of the form A = BB is a
solution of eq. (2). In particular, when the functional B is given by a sum of
local elds (we will shortly explain the meaning of locality), the solution is called
trivial, because such a breaking of the gauge symmetry can be removed by adding a
local counterterm to the eective Lagrangian. We are thus interested in solutions
of eq. (2) which cannot be written as A = B
∑
s b(s) by using a certain local
eld b(s).
In the most part of this letter, we assume that the gauge group is abelian,
G = U(1)     U(1). Each U(1) factor is labeled by i, j, etc. We introduce the
abelian gauge potential by
U i(s; ) = exp Aiµ(s): (3)
From this denition alone, the gauge potential is determined only up to integer
multiples of 2i. We assume that the link variable and the gauge potential are
uniquely and smoothly related by a certain way. The following discussions are
independent of how this relation is made. It is however clear that an arbitrary
function of link variables can be uniquely expressed by gauge potentials. When





i(s) = 0; (4)
where µ stands for the forward nearest-neighbor dierence operator, dened by
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µf(s) = f(s + ̂)− f(s).
To determine the general form of anomalies from eq. (2), we require the fol-
lowing properties on A. Namely, when written as A = ∑s a(s), we require that:
(I) The eld a(s) behaves as a pseudo-scalar quantity under the lattice symmetries.
(II) The eld a(s) is a local eld on the lattice. Here \local" means the following.
The eld a(s) may depend on the gauge and the ghost elds at a distant site s0 on
the lattice. If these dependences decrease at least exponentially as js−s0j ! 1, we
say that a(s) is a local eld. This locality property is necessary to use the Poincare
lemma [2] in the following argument. We also assume that a(s) smoothly depends
on the gauge potential Aiµ, but this requirement will not be explicitly mentioned
in what follows. Finally, we can demand the following trivial requirement on the
anomaly that: (III) A = 0 for ci(s) = const. This is because the gauge eld has
no variation at all when ci(s) = const: (see eq. (4)) so the anomaly must vanish in
this case. As we will see in the following, these requirements completely determine
the structure of non-trivial abelian gauge anomalies from eq. (2).
Now, eq. (2) must hold for arbitrary congurations of the gauge and the ghost
elds. Hence the variation of eq. (2) under any (local) variation  must also vanish.



















where µ stands for the backward nearest-neighbor dierence operator, µf(s) =
f(s) − f(s − ̂). The coecient of Aiµ(s), B@A=@Aiµ(s) is a local eld from
the requirement (II) above and the condition B@A=@Aiµ(s) = 0 can be solved by
the abelian BRS cohomology on the innite lattice [3].
?
Since the ghost number
? In fact, the choice of gauge invariant variables in ref. [3] violates the covariance under
hypercubic rotations and reflections. However we may recover this by taking average over
dierent labelings of coordinate axes. We assume this has been done.
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of @A=@Aiµ is unity, the lemma in ref. [3] states that there exist local elds Ωijµ (s)
and Y iµ(s) such that
@A
@Aiµ(s)
= cj(s)Ωijµ (s) + BY
i
µ(s); (6)
where Ωijµ is a gauge invariant eld, i.e., invariant under A
i
µ ! Aiµ+µi. Although
the case with a single U(1) factor was treated in ref. [3], it is easy to generalize the
lemma to multi U(1) cases. Using the solution (6), the vanishing condition of the











= −cj(s− ̂)µΩijµ (s); (7)
where use of the relation cj(s) = cj(s− ̂)+BAjµ(s− ̂) has been made. Note that
the left hand side of this equation is proportional to the dierences of the ghost
elds. Thus by considering the limit cj(s) ! const:, we have as the consistency
condition for eq. (7),
µΩ
ij
µ (s) = 0; (8)
because Ωijµ does not contain the ghost eld (its ghost number is zero). Then the




= −µY iµ(s)− Ajµ(s− ̂)Ωijµ (s) + X i(s); (9)
where X i(s) is a gauge invariant local eld.
The functional A can be reconstructed from its variations (6) and (9) in the
following way. We dene At by rescaling variables in A as Aiµ ! tAiµ and ci ! tci.
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Noting that A0 = 0 because A must contain one ghost eld, we have






















































dt Y iµ(s)t: (12)




µ (s) = 0: (13)
Eq. (11) shows that the freedom of Y iµ is always absorbed into a BRS trivial piece.
In what follows we use the symbol ’ to indicate the equivalence relation modulo
such BRS trivial pieces.
It is convenient to decompose Ω˜ijµ into the symmetric and the antisymmetric
parts on i $ j, Ω˜ijµ = Ω˜(ij)µ + Ω˜[ij]µ . It is easy to see that the symmetric part does


























ci(s)X˜ i(s)− [ci(s)Ajµ(s)− Aiµ(s)cj(s + ̂)] Ω˜[ij]µ (s)} : (15)
When there is only one U(1) factor, the second term of eq. (15) does not exist due
to the antisymmetrization. A little bit more work is needed when there are several
U(1) factors. We recall that the gauge invariant local eld Ω˜
[ij]
µ (s) is divergence-
free, eq. (13). For such a eld, the abelian covariant Poincare lemma [3]
?
states











































where the abelian eld strength has been introduced by
F iµν(s) = µA
i
ν(s)−νAiµ(s): (18)
Eq. (17) shows, up to trivialities, the second term of eq. (15) has the structure∑
s c
i(s)Z˜i(s), here Z˜i(s) is a gauge invariant local eld. Namely, the second term
of eq. (15) can be absorbed into the rst term of eq. (15).
? In fact, the proof of the Poincare lemma [2] and consequently the proof of the algebraic
Poincare lemma [3] violate the covariance under hypercubic rotations and reflections. How-
ever we may recover this by taking average over dierent labelings of coordinate axes. We
assume this has been done.
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Incidentally, a quick way to nd the relation (17) is to use the technique of the
non-commutative dierential calculus (NCDC) [3]. We introduce the dual of Ω˜
[ij]
µ
and multiply the volume form d2nx to the left hand side of eq. (17). Then by
noting the non-commutativity it is easy to nd the right hand side, because the






where X˜ i(s) is a gauge invariant local eld. This result is quite analogous to the
well-known fact in the continuum abelian theory.
Let us now impose the requirements (I) and (III) to eq. (19). The latter implies
∑
s
X˜ i(s) = 0: (20)
The algebraic Poincare lemma of ref. [3] states that such a local eld X˜ i(s) is
always given by the total divergence of a certain local vector eld. Moreover, the
abelian covariant Poincare lemma [3] states that a gauge invariant pseudo-scalar
eld X˜ i(s), which is given by the total divergence, has the structure





where γij1jn are constants and kiµ is a gauge invariant local eld. Although the
abelian covariant Poincare of ref. [3] is for a single U(1) factor, the extension of



















 ci1(s)F i2µ1ν1(s)   F in+1µnνn(s + ̂1 + ̂1 +   + ̂n−1 + ̂n−1):
(23)
This expression is BRS non-trivial, because in the classical continuum limit it
reduces to the abelian gauge anomaly in the continuum theory, that is BRS non-
trivial. Put dierent way, if eq. (23) was trivial there must exist a functional
B = ∑s b(s) and the classical continuum limit of the local eld b(s) would counter
the gauge anomaly in the continuum theory, that is impossible. Recalling that we
absorbed the U(1) coupling constants into the gauge potential and the ghost eld,
this shows that the non-trivial anomaly is proportional to the anomaly coecient
in the continuum theory, i.e., a product of (n + 1) U(1) charges. This is the main
result of this letter.
In the remaining part of this letter, we briefly discuss the possible extension
of the above result to non-abelian theories. If we parameterize the link variable















where X ^ Y = [X; Y ], X2 ^ Y = [X; [X; Y ]], etc. and 1 ^ Y = Y is understood.
Writing as Aµ = A
i
µT
i and c = ciT i, where T i is the representation matrix of the
gauge group, the BRS transformation (24) in the linearized level has the same form
? When gauge eld congurations satisfy the \admissibility" [2], sups,µ,ν j ln P i(s, µ, ν)j < 
with 0 <  < pi/3, where P i(s, µ, ν) = U i(s, µ)U i(s + µ̂, ν)U i(s + ν̂, µ)−1U i(s, ν)−1 is the
plaquette variable, there exists a special class of choices of the gauge potential in eq. (3)
such that ln P i(s, µ, ν) = F iµν (s). All the gauge potentials belonging to this class are gauge
equivalent, thus gauge invariant quantities, like the right hand side of this expression, are
independent of the choice within this class [2].
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as eq. (4), because x coth x = 1 + O(x2). Therefore, if we require: (III’) A = 0 for
c(s) = const:, which implies invariance of the fermion sector under the \color rota-
tion," we have already solved the linearized WZ condition in non-abelian theories.
However, since eq. (23) has no obvious non-abelian analogue as eq. (24) indicates,
it seems dicult to extend eq. (23) to the full non-abelian solution. Nevertheless,
we may proceed as follows.








µ1ν1(x)   F
in+1
µnνn(x): (25)
This expression requires some explanation. First, h(s) is the hypercube that orig-
inates from the site s and the integration is performed inside the hypercube h(s).
The abelian eld strength F
i






where @µ stands for simply the usual derivative, and not dierence. The gauge po-
tential A
i
µ(x) in this expression is dened by a certain smooth interpolation of the
lattice gauge elds U i(s; ). The detail of the interpolation is not important here,
but the interpolation must possess the \gauge covariance". Namely, we require
that the interpolation provides also an interpolated gauge transformation param-
eter 
i
(x) from the lattice gauge transformation (1) and, with this parameter, the
interpolated gauge potential has the same gauge transformation law as in the con-
tinuum theory, A
i
µ ! Aiµ +@µ
i
. In fact, there exist several interpolation methods
which possess this property, at least for 2- and 4-dimensional lattices [22,23]. The
ghost eld ci(x) is dened in the same way as the interpolated gauge parame-
ter 
i
(x). Then the BRS transformation for the interpolated elds has the same
form as that of the continuum theory.
?
? The characteristic feature of these interpolation methods is that the interpolation is not de-
ned for exceptional congurations [24]. Here we assume that the gauge eld congurations
are non-exceptional.
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Assuming the gauge covariance of the interpolation, each term in the right








µ1ν1(x)   F
in+1
µnνn(x); (27)








and noting that the integrand in eq. (27) has the same form as the abelian gauge
anomaly in the continuum theory. Eq. (27) is a non-trivial solution because its
classical continuum limit reduces to the abelian gauge anomaly in the continuum
theory, that is non-trivial. The completeness, i.e., any non-trivial solution can be
expressed by a linear combination of Ai1in+1 as eq. (25) follows from eq. (23).
Namely, since Ai1in+1 is a non-trivial solution of the WZ condition, it can be




i1F i2   F in+1 in eq. (23) and of Ai1in+1 are the same. Thus
we can conversely express each
∑
s c
i1F i2   F in+1 in terms of Ai1in+1 (up to
trivialities). If we substitute these expressions into eq. (23), we obtain eq. (25).
This argument also shows robustness of the structure (25) under a change of the
interpolation method.






!12n1(x) tr F (x)
n2    trF (x)nM ; (28)
where γ is a constant and
∑M
m=1 nm = n. The non-abelian eld strength 2-
form F (x) has been dened as F (x) = dA(x) + A(x)2 by using the interpolated
non-abelian gauge potential 1-form A(x) = Aµ(x)dxµ. The 2n-form !
1
2n(x) is
dened from the Chern-Simons (2n + 1)-form !2n+1(x), tr F
n+1
(x) = d!2n+1(x),
by substituting A(x) ! A(x)+c(x)d and by picking up the linear terms in c(x)d.
Thus eq. (28) is nothing but the non-abelian gauge anomaly in the continuum
theory [25,26,27] in which the gauge potential and the ghost eld are replaced by
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the interpolated elds on the lattice. From the gauge covariance hypothesis of the
interpolation, the BRS transformation has the same form as that of the continuum
theory
BAµ(x) = @µc(x) + [Aµ(x); c(x)]; Bc(x) = −c(x)2; (29)
and eq. (28) is a solution of the WZ condition on the lattice (2). This is a non-
trivial solution because its classical continuum limit is non-trivial. It might be
interesting to construct the Wess-Zumino-Witten action [15,28] on the lattice by
starting with eq. (28).
If all possible non-trivial solutions are given by eq. (28), the anomaly cancel-
lation condition on the lattice completely coincides with that of the continuum
theory. (The interpolated gauge potential is Lie algebra valued.) This claim is
consistent with the results of refs. [18,29]. In the linearized level, eq. (28) reduces
to eq. (25) which enumerates all the non-trivial solutions of the linearized WZ con-
dition. (In this case, γi1in+10 is invariant under adjoint action of the gauge group.)
Therefore, starting with the linearized WZ condition, it is presumably possible to
show the above claim at least to all orders of powers of the interpolated fields. We
hope to come back this problem near future.
Final remarks: It is easy to construct gauge invariant topological elds on the
lattice in the same spirit as above. For example,





on the four dimensional lattice provides an example of the topological eld which
satises
∑
s q(s) = 0. When the interpolation of ref. [22] is used, the sum of
the topological eld q(s), Q =
∑
q(s), is nothing but the Lu¨scher topological
charge [24]. This trick of interpolated elds might be useful to investigate the
topological elds on the lattice [18]. In this letter, we adopted a \xed dimensional"
viewpoint. It might turn to be important to investigate gauge anomalies from the
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higher dimensional lattice point of view. Studies along this line were pursued in
refs. [18,30,31].
The author is grateful to T. Fujiwara, Y. Kikukawa and K. Wu for valuable
correspondence. He would like to thank T.-W. Chiu for kind hospitality at National
Center of Theoretical Sciences, Republic of China, where this work was started.
REFERENCES
1. M. Lu¨scher, Nucl. Phys. B549 (1999) 295.
2. M. Lu¨scher, Nucl. Phys. B538 (1999) 515.
3. T. Fujiwara, H. Suzuki and K. Wu, hep-lat/9906015.
4. T. Fujiwara, H. Suzuki and K. Wu, Phys. Lett. B463 (1999) 63; see also
hep-lat/9910030.
5. P. Hasenfratz, V. Laliena and F. Niedermayer, Phys. Lett. B427 (1998) 125.
6. M. Lu¨scher, Phys. Lett. B428 (1998) 342.
7. P. H. Ginsparg and K. G. Wilson, Phys. Rev. D25 (1982) 2649.
8. P. Hasenfratz, Nucl. Phys. (Proc. Suppl.) 63 (1998) 53; Nucl. Phys. B525
(1998) 401.
9. H. Neuberger, Phys. Lett. B417 (1998) 141; B427 (1998) 353.
10. P. Hernandez, K. Jansen and M. Lu¨scher, Nucl. Phys. B552 (1999) 363.
11. R. Narayanan, Phys. Rev. D58 (1998) 097501.
12. F. Niedermayer, Nucl. Phys. (Proc. Suppl.) 73 (1999) 105.
13. Y. Kikukawa and A. Yamada, Nucl. Phys. B547 (1999) 413.
14. H. Suzuki, Prog. Theor. Phys. 101 (1999) 1147.
15. J. Wess and B. Zumino, Phys. Lett. 37B (1971) 95.
14
16. F. Brandt, N. Dragon and M. Kreuzer, Phys. Lett. B231 (1989) 263; Nucl.
Phys. B332 (1990) 224; B332 (1990) 250.
N. Dragon, Lectures given at Saalburg Summer School (1995), hep-th/9602163.
17. M. Dubois-Violette, M. Henneaux, M. Talon and C.-M. Viallet, Phys. Lett.
B267 (1991) 81; B289 (1992) 361.
18. M. Lu¨scher, hep-lat/9904009; for a review, hep-lat/9909150.
19. S. Aoki, Phys. Rev. D35 (1986) 1435.
20. A. Coste, C. Korthals Altes and O. Napoly, Phys. Lett. 179B (1986) 125;
Nucl. Phys. B289 (1987) 645.
21. C. Becchi, A. Rouet and R. Stora, Comm. Math. Phys. 42 (1975) 127; Ann.
Phys. 98 (1976) 287.
22. M. Go¨ckeler, A. S. Kronfeld, M. L. Laursen, G. Schierholz and U.-J. Wiese,
Nucl. Phys. B292 (1987) 349;
M. Go¨ckeler, A. S. Kronfeld, G. Schierholz and U.-J. Wiese, Nucl. Phys.
B404 (1993) 839.
23. P. Hernandez and R. Sundrum, Nucl. Phys. B455 (1995) 287; B472 (1996)
334.
24. M. Lu¨scher, Commun. Math. Phys. 85 (1982) 39.
25. R. Stora, in Progress in Gauge Field Theory, eds. H. Lehmann et. al., NATO
ASI Series B, Physics, Vol. 115 (Plenum, New York, 1984).
26. B. Zumino, Y. S. Wu and A. Zee, Nucl. Phys. B239 (1984) 477.
B. Zumino, in Relativity, Groups and Topology II, eds. B. S. De Witt and
R. Stora, (North-Holland, Amsterdam, 1984).
27. L. Baulieu, Nucl. Phys. B241 (1984) 557; in Progress in Gauge Field Theory,
eds. H. Lehmann et. al., NATO ASI Series B, Physics, Vol. 115 (Plenum,
New York, 1984).
28. E. Witten, Nucl. Phys. B223 (1983) 422.
15
29. H. Neuberger, Phys. Rev. D59 (1999) 085006.
30. T. Aoyama and Y. Kikukawa, hep-lat/9905003.
31. D. H. Adams, hep-lat/9910036.
16
